Numerical evaluations of Caputo fractional derivatives for scattered noisy data is an important problem in scientific research and practical applications. Fractional derivatives have been applied recently to the numerical solution of problems in fluid and continuum mechanics. The Caputo fractional derivative of order α is given as follows
Introduction
Fractional derivatives have been applied recently in fluid and continuum mechanics. Numerical derivative is a typical ill-posed in the sense that a small error in measurement data can induce a large error in the approximate derivatives and important in science and engineering [8, 9] . With the recent successful application of fractional derivatives in mechanics problems, an accurate numerical evaluation of fractional derivatives from scattered noisy data is important in scientific research and practical industries. Due to the ill-posedness of the numerical fractional derivative, both the convergence and stability of the numerical should be investigated.
In mathematics, the RiemannCLiouville integral is defined by
Based on the the RiemannCLiouville integral, the Caputo fractional derivative was introduced by Caputo in 1967:
where Γ(·) is the Gramma function. A number of computational methods have been researched in the past years: difference methods [2] , Tikhonov regularization methods [3, 4] , mollification methods [6, 7] , fourier truncation method [1] and interpolation methods [5] . Most of these researches on numerical derivative are related to integer order derivative. Although many numerical schemes are use to obtain the fractional order derivative, the difference method is still a simple and effective numerical method in one-dimensional case. In the present paper, we also give a new regularization difference method. Theoretical convergence and stability results and numerical examples will proposed and show the proposed regularization difference method is accurate and stable.
The structure of the paper is as follows. In Section 2, we briefly formulate the problem and propose the difference scheme. In Section 3, theoretical convergence and stability results are obtained respectively. In Section 4, numerical results illustrate the stability and accuracy of the proposed method.
Numerical Scheme
In this paper, let α ∈ (0, 1) and n is a positive number. Let f = f (x) be a function in R and
Here, we consider the following problem: given the noisy measurementf i of the values f (x i ) which satisfies
where δ is called the noise level. The purpose of this paper is to obtain an approximate value of the Caputo derivative: (5) . Then
Error Estimate
where C is constants depending on α and ∥ f ′′ (t) ∥ ∞ Proof : First of all, we divide the integral (4) into two parts,
It's obvious that I part is a normal integral without singularity. Using the integration by parts, we obtain
Substituting (13)) and (14) into (4), we have 
As k tend to zero, the estimation of convergence (7) tent to zero. However, at the same time, the error (17) tent to infinity when the noise level δ > 0. Hence, for balance them, the step size k should be chosen depending on the noise level δ. Then, combining the Lemma 1 and 2, the following theorem can be obtain. ) 1 3−α , we can also obtain
where the constant C ′′ just only depends on k and ∥ f ′′ ∥ ∞ . The following numerical results show this choosing rule is still stable in the realistic computation.
Numerical Examples
To demonstrate the effectiveness and stability of the proposed difference method, the following example is presented in this section. For simplicity, we assume that the interval [a, b] always be [0, 1]. The accuracy of the numerical solution is measured by the the following root mean square error (RMSE):
We consider a smooth function
The exact α order fractional derivative is Figure 1 shows the exact α order fractional derivative with different parameter α. For illustrate the convergence of the proposed difference method, first of all, we compute the fractional derivatives without noise by using the formula (5) . From Figure 2 , it's easy to see that the RMSEs by using our proposed algorithm converge to zero fast. And the numerical accuracies with small α are higher than large α. This is consistent with the theoretical result in Lemma 1. Then, for overcoming the ill-posedness, we choose the step size with the proposed Figure 3 shows that the proposed regularization difference method is stable for solving the numerical fractional derivative with α ∈ (0, 1).
Acknowledgement
The work described in this paper was supported by a grant from the Research Grants 
Conclusion
In this paper, a regularization difference method is proposed to solve numerical fractional derivatives. The convergence rate and the error estimation of the proposed method are obtained. Numerical results indicate that the proposed method gives an accurate and reliable scheme and performances.
